MATH 4242, Section 001 Homework 4 Fall 2020

Textbook: 3.1.2abcd, 3.1.3, 3.1.21ab, 3.1.23ab, 3.1.26

3.1.2abcd (a) This is an inner product. It’s an example of a weighted inner product from Example 3.3.
We have bilinearity since

(U + dd, @) = ((cv1 + dwy, cvg + dwa), (ur, u2))
= 2(cvy + dwi)ug + 3(cvg + dws)us
= 2cviuy + 2dwiuy + 3cvous + 3dwous
= ¢(2v1uy + 3voug) + d(2wiuy + 3waus)
= (U, U) + d(w, 0)

and the second factor is the same. We have symmetry since
(v,w) = 2v1w1 + 3vewg = 2wiv1 + 3wave = (w, V).
Finally this is a positive form since 2,3 > 0 and if ¥ # 0 then
(v,v) = 207 + 303 >0

since one of v1 or vg is nonzero and squares are always positive. If v = (0,0), then definitely [|(0,0)| = 0.

(b) This is not an inner product since we don’t have positivity. If ¥ = (—1,1), then
(v,0) = (=D(1) + ()(-1) = 2.

(c) This is not an inner product because it is not positive. Suppose ¥ = (—1,1) again. Then

(v,v) =(=14+1)(-1+1)=0.

(d) This is not bilinear. In particular if ¢ = 2, d = 0, v, w are arbitrary, then bilinearity reduces to showing
that

(cv,w) = e(v, w).
But we can see this is false for (v, w) = viw? + v3w?. In fact

(cv,w) = ((cvy, cvg), (w1, w2)) = (cv1)*wi + (cv2)*ws = *(Viw] + v3w3) = ¢* (v, w).

However you were supposed to get c(v,w), not c¢?(v,w). In general these are different expressions (pick
¢ #0,1). So it is not bilinear and therefore not an inner product.

3.1.3 Actually now that I look at it, this is just the same as 3.1.2c factored out. This is not a positive form.
Let v = (—1,1). Then
(v,v)=1-1-14+1=0.

A nonzero vector cannot have 0 magnitude, so this is not an inner product.
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(b)

(f.9) = /0 sin(27z) cos(2mz) dx = 0

HE V /O ' sin(2ma)? dz \/g
loll = V//glcos<2wx>zdx:: V/é

3.1.23ab (a) This does define an inner product. First it is bilinear, similar to how the L? norm is bilinear.

1
(of +dg. ) = [ (ef(@) +dgla)ho)e da
1
:/ cf(x)h(z)e™™ 4+ dg(z)h(x)e ™ dz

= c/ f(z e “dr+ d/llg(a:)h(:v)ex dx
c(f,h) +d{g,h)

The other equation for bilinear is the same. For symmetry, this is clear since
1 1
- [ t@a@edn = [ g do = .5)

Finally, remember that for all z, we know that e=* > 0. Therefore, for any nonzero function f(x), we know
that f(x)%e=® > 0 and f(z)e~® has nonzero area under the curve. So we can conclude that

1
(tf) = [ f@peTdn >0
-1
so we have positivity. Therefore it is an inner product.
(b) This is not an inner product since it is not positive. Let f(z) = —1, the constant function. Then

(f, )= /_11(1)21:613: = /_llxdz: = 0.

However (f, f) was supposed to be positive. Therefore this formula is not an inner product.

3.1.26 This is false. If we let f(x) = z and [a, b] = , then on the one hand

1] = Vi = x4dx—\[
S
17 = [ wdo 3.

Therefore || f2|| and | f]I* are not equal in general.

But on the other hand



